Abstract: We show that the O(Λ) ambiguity in the pole mass can be fixed in a natural way by introducing a properly define nonperturbative V-scheme momentum space coupling α V (q) where the confining contributions have been subtracted out. It is found, relying on a result of Lüscher, that in quenched QCD α V (0)=0.196. The same coupling parametrizes the short distance power corrections to the heavy quark potential, and it is demonstrated in a transparent way that there indeed exists O(r) short distance power corrections to the potential of mixed origin, arising both from the standard linear confining term Kr (where K is the string tension), and from the leading renormalon in the momentum space potential.
Introduction
Historically, the pole mass M and the heavy quark potential V (r) were among the first quantities where renormalons [1] have been discussed in a physical context. Latter, the connection of the O(Λ) ambiguity in the pole mass [2, 3] with a corresponding ambiguity in the coordinate space potential [4] was pointed out. It was observed [5, 6] that the leading renormalon contribution cancells in the total static energy E static = 2M + V (r), a physical quantity which should be free of ambiguities. This cancellation is a non-trivial finding. Indeed, one might have expected that the pole mass and the static potential should be separately well defined: for instance, in the Schrödinger equation, the quark mass normalizes the kinetic energy. Furthermore, although the potential appears to be nonperturbatively defined only up to an arbitrary constant (in particular only the force is the quantity free of ambiguity in lattice calculations), it is difficult to maintain the view that the arbitrary normalization of V (r) implies an arbitrary normalization of M , which nevertheless would follow from the non-ambiguity of the static energy if there were no independent way to fix the normalization of either the mass or the potential. In this paper I suggest that there is in fact a natural way to define unambiguously the pole mass at the nonperturbative level (at least as far as the leading renormalon ambiguity is concerned) even in a confining theory like QCD, by properly subtracting out the confining contributions to the self-energy, hence to fix also the 'constant term' in the potential. In Sec. 2, the definition of the O(Λ) term in the pole mass is given, in term of a properly defined nonperturbative momentum space V-scheme coupling α V (q). In Sec. 3, theoretical and phenomenological constraints on α V (q) are reviewed. Sec. 4 examine the consequences for the short distance expansion of V (r), and in particular point out the existence of O(r) short distance corrections of mixed origin.
The nonperturbative pole mass
To define the pole mass, one has to fix its well-known renormalon ambiguity [2, 3] . I start from the result [5, 6] that the leading infrared (IR) contribution δM P T |IR to the perturbative pole mass M P T (when expressed in term of a short distance mass like m ≡ m M S ), is related (presumably to all orders of perturbation theory [5] ) to the leading long distance contribution δV P T |IR to the perturbative coordinate space potential V P T by the relation
where
is the momentum space perturbative potential, related to V P T (r) by Fourier transformation
and µ f is an IR factorization scale. Defining to all orders of perturbation theory a momentum space potential effective coupling α V |P T (q) bỹ
eq.(2.1) can be rewritten as
The right hand side of eq.(2.5) is presumably ill-defined, since it involves an integration over the IR Landau singularity thought to be present in α V |P T (q), and represents (taking µ f ∼ Λ) the O(Λ) ambiguity in the pole mass. To solve this problem, one would be tempted, in analogy with the IR finite coupling approach to power corrections [7] , to replace the perturbative effective coupling α V |P T (q) inside the integral in eq.(2.5) by the corresponding nonperturbative coupling α V (q) defined bỹ
where this timeṼ (q) is the Fourier transform of the full nonperturbative potential V (r). However, in a confining theory,Ṽ (q) either does not exist (except in a formal sense), or is anyway too singular at small q (reflecting the singular large distance behaviour of V (r)), making the integral in eq.(2.5) divergent at q = 0. For instance, in the case of a linearly raising potential V (r) = O(r) for r → ∞, one gets α V (q) = O(1/q 2 ) for q → 0. This observation suggests one should first subtract out the confining long-distance part of the potential to define a suitable nonperturbative coupling α V (q). To this end, the following procedure appears the most natural one: expand the potential around r = ∞, and subtract from V (r) the first few leading terms in this expansion (including an eventual constant term) which do not vanish for r → ∞. Call their sum V conf (r). Then we have
which uniquely defines δV (r), such that δV (r) → 0 for r → ∞. It is clear that δV (r) now admits a standard Fourier representation 8) and one can define the nonperturbative coupling α V (q) by
One should note that the perturbative part of these quantities are preserved, namely δV P T (r) ≡ V P T (r) and δṼ P T (q) ≡Ṽ P T (q), since δV differs from V only by nonperturbative corrections, hence α V |P T (q) is the same as in eq.(2.4).
As an example, consider the potential in quenched QCD. In this case current theoretical expectations give the long distance expansion for r → ∞
(where the O(1/r) term is known from [8] ), so that 11) and one defines
The prescription for the nonperturbative definition of the pole mass now reads as follows. Introduce the 'potential subtracted' mass [5] 13) and define the nonperturbative IR contribution to the pole mass by
which yields
in complete analogy with eq.(2.1),(2.2) and (2.5). Then the pole mass is given by
where the dots represent non-leading O(1/m) IR contributions from higher order renormalons (as well as eventual small nonperturbative contributions to M for µ > µ f ), and the µ f dependence approximatively cancells between the two terms on the right hand side. The interpretation of the prescription eq.(2.17) is transparent: it says one should remove from M P T its ambiguous IR part δM P T |IR (µ f ), as suggested in [5] , and substitute for it the corresponding nonperturbative (and non-ambiguous) IR contribution δM IR (µ f ). One should note the similarity between eq.(2.17) and the corresponding expressions in the IR finite coupling approach to power corrections [7] . In the present context, however, the nonperturbative coupling is unambiguously identified.
With the pole mass well-defined, the constant term C in the large distance expansion of the potential (eq.(2.12)) is in turn fixed, since the corresponding constant term in the large distance expansion of E static (r), which should be unambiguous and calculable, is 2M + C.
Constraints on the nonperturbative α V (q)
In this section I review theoretical and phenomenological constraints on α V (q). i) On the theoretical side, eq.(2.10) and (2.12) yield δV (r) ∼ − π 12 1 r for r → ∞, hence δṼ (q) ∼ − π 2 3 1 q 2 for q → 0, which yields
i.e. α V (q = 0) ≃ 0.196, a rather small IR fixed point value. Substituting this value as a rough estimate (presumably an upper bound) of α V (q) in the integrand of eq.(2.16) gives
which represents a correction of about 100 M eV for the range of µ f quoted in [5] for b-quarks. ii) On the phenomenological side, α V (q) can be fitted from the quarkonia spectrum using 'QCD inspired' potential models [9, 10] . For instance, the successful 'Richardson potential' yields 1 
rather close to the previous estimate.
Short distance expansion of the heavy quark potential
The nonperturbative coupling α V (q) also allows us to parametrize nonperturbative power corrections in the short-distance expansion of V (r). Introducing again the factorization scale µ f , eq.(2.8) can be written as
At short distances, we can expand the sin qr factor in the low momentum integral, which gives the IR power corrections. Making the further approximation that α V (q) may be well approximated by its perturbative part α V |P T (q) above µ f (which incidentally gives a criterion to fix µ f ), one ends up with the r → 0 expansion
is the IR subtracted perturbative potential [5] . A very simple observation is now in order. The short distance expansion of δV (r) is exactly as expected from standard renormalon-type arguments. However, the full potential V (r) itself differs by construction at all distances from δV (r) by the V conf (r) term (eq. (2.11) ). In particular, since in quenched QCD V conf (r) is a linear 2 function of r, it will contribute exactly the same for r → 0, viewed this time in the guise of renormalon unrelated (constant + linear) power corrections parametrically larger then the standard O(r 2 ) term! In other words, the correct (see however the remark in the next paragraph) short distance expansion of V (r) in quenched QCD reads
Making again the rough approximation
The estimated O(r 2 ) correction thus appear pretty small (remembering the estimate is most likely an upper bound), leaving the (constant + linear) power contribution (where K is the string tension!) as the only eventual seizable short-distance corrections to the 'subtracted potential'. This last statement must however be qualified with the observation that there actually is an independent O(r) short distance contribution to δV (r), arising from the 'intrinsic' ambiguity still affecting V P T (r, µ f ) due to the leading IR renormalon present [5] inṼ (q), hence also in α V (q). The latter ambiguity is usually not taken into account in the litterature. That it indeed may lead to a O(r) power correction for r → 0 in δV (r) can be seen assuming a O(1/q 2 ) high energy power correction to α V (q) (corresponding to its leading renormalon), and using e.g. the method of appendix A of [12] applied to eq.(4.1).
For the static energy we get similarly, as r → 0 (and neglecting again the O(r) renormalon-related correction)
where the O(µ f ) terms have cancelled.
Conclusion
We have shown that it is possible to fix in a natural way the O(Λ) renormalon ambiguity in the pole mass, thus giving a nonperturbative definition of the pole mass in QCD at this level of accuracy. This definition is an optimal one, in the sense the prescription is to remove from the heavy quark potential contribution to the self-energy those terms and only those one (the confining ones contained in V conf (r)) which would give a meaningless (infinite) result for the pole mass. This is why, for instance, one does not remove from δV (r) the O(1/r) 'Lüscher term' to include it in V conf (r) (see eq.(2.10)) (although this is in principle possible, and would modify the definition of α V (q) at the nonperturbative level). The procedure thus gives a unique nonperturbative meaning to the momentum space 'V-scheme' coupling α V (q), which is observed on the basis of Lüscher result to have a small IR fixed point value. The latter fact is intriguing and reminiscent of the small IR coupling extracted on phenomenological grounds from other processes in the IR finite coupling approach to power corrections. The applications of the proposed mass definition are similar to those of the 'potential subtracted mass', to which it provides the leading power correction, allowing an accurate relation to the standard M S mass, but it can be used consistently with non-perturbative extensions of the Coulomb static potential (such as implied by phenomenological potential models or the potential determined on the lattice). The remaining challenge is to fix the O(Λ/m) ambiguities in the pole mass arising from higher order renormalons. As far as the heavy quark potential is concerned, we have also shown that O(r) short distance corrections are indeed present: they would be given identically by the linear Kr standard confining contribution (in quenched QCD), barring the complication due to the leading renormalon in α V (q), which we argue may lead to a similar short distance O(r) contribution. Thus the present considerations confirm in the most transparent way the view of [13] concerning the existence of 'exotic'(confinementrelated) linear short distances corrections to the potential of quenched QCD.
